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Abstract
In 1994, Yoshikawa introduced a method to describe a surface-link by a ch-graph. He classified
surface-links represented by ch-graphs with at most three vertices and gave a table of surface-links
whose ch-indices are less than or equal to ten. In this paper, we classify the surface-links with ch-
graphs of square-type except a few examples.  2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
By a surface-link, we mean a locally flat closed surface F in Euclidean 4-space R4.
If F is connected, it is called a surface-knot. In particular, it is called a 2-knot if F is
homeomorphic to a 2-sphere. Two surface-links F and F ′ in R4 are said to be equivalent
if there is an auto-homeomorphism h of R4 such that h(F )= F ′.
A ch-graph is a simple plane graph, that is, a plane graph without loops or multiple
edges, and each edge of it is labeled one of ±,1±, α+, α− and α (α ∈ Z). When the simple
plane graph is a 4-cycle, it is called a square-type ch-graph (see Fig. 1(a)). Yoshikawa [17]
introduced a method to describe a surface-link by a ch-graph. We note that not every ch-
graph represents a surface-link. In his paper [17], he classified surface-links represented by
ch-graphs with at most three vertices and gave a table of surface-links whose ch-indices are
less than or equal to ten. In this paper, we classify surface-links with square-type ch-graphs.
Let Γ (w1,w2,w3,w4) be a square-type ch-graph illustrated in Fig. 1(b), where
wi ∈ {±,1±, α+, α−, α | α ∈ Z} (i = 1,2,3,4). In this paper, we use the notations
An,Bn,Cn,Dn,En,Fn,Gn,Hn, and I for surface-links represented by the ch-graphs
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Fig. 1.
Γ (±, n,±,−n),Γ (±, n,−n,±),Γ (±, n,1±,−n),Γ (±, n,−n,1±),Γ (1±, n,1±,−n),
Γ (1±, n,−n,1±),Γ (1+, n,−1+,−n),Γ (1+, n,−n,−1+), and Γ (1,−2,−2,±), re-
spectively. The following theorems are the main results in this paper:
Theorem 1.1. If a square-type ch-graph represents a non-trivial surface-link, then it is
equivalent to one of An,Bn,Cn,Dn,En,Fn,Gn,Hn, and I , where n 2.
Theorem 1.2. Surface-links An,Bn,Cn,Dn,En,Fn,Gn,Hn, and I are mutually inequiv-
alent, where n 2, except the case that one is C2m+1 and the other is D2m+1 for a positive
integer m.
In Section 2, we define a ch-graph; we explain how to determine whether a given ch-
graph represents a surface-link or not, and also explain the construction from a ch-graph
to a surface-link. In Sections 3 and 4, we prove Theorems 1.1 and 1.2. Among the surface-
links given in Theorem 1.1, there exist two pairs of the surface-links An and Bn, and Cn
and Dn, where n ( 2) is odd, each of which has the same genus and the same surface-link
group (the surface-link group of a surface-link F is the fundamental group π1(R4 − F)).
The surface-links An and Bn are tori in R4 which are inequivalent surface-links. On the
other hand, the surface-links Cn and Dn are Klein bottles in R4; they have inequivalent
non-orientable 1-handles. They are shown in Section 4. In this section, we also discuss the
other surface-links given in Theorem 1.1.
2. Preliminaries
Let G be a simple plane graph in Euclidean 2-space R2 and E(G) the set of edges of G.
Let w be a map
w :E(G)→{±,1±, α+, α−, α | α ∈ Z}
of the edges of E(G) into the labels {±,1±, α+, α−, α | α ∈ Z}. We call the pair
Γ = (G,w) a ch-graph and w(e) the weight of the edge e. The weights 0+ and 0− are also
denoted by + and −, respectively. If G is an n-cycle, Γ is called an n-gon type ch-graph.
In particular, it is called a square-type ch-graph if n= 4.
Let e1, e2, e3, e4 be edges of a square-type ch-graph Γ arranged counterclockwise. We
denote the weight w(ei) by wi (i = 1,2,3,4). For making clear of weights labeled the
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edges, we write Γ (w1,w2,w3,w4) instead of Γ (see Fig. 1(b)). To decide whether a
given square-type ch-graph Γ = (G,w) represents a surface-link or not, we construct two
weighted graphs, which are not ch-graphs, from Γ and two 1-links from these weighted
graphs.
Let w+ and w− be maps
w+,w− :E(G)→{α,∞ | α ∈ Z}
of the edges of E(G) into the labels {α,∞ | α ∈ Z} such that for ei ∈E(G) (i = 1,2,3,4),
w+(ei)=
{
α, if w(ei)= α− or α,
∞, otherwise,
and
w−(ei)=
{
α, if w(ei)= α+ or α,
∞, otherwise.
We denote the pairs (G,w+) and (G,w−) by Γ + and Γ −, and denote the weights
w+(ei) and w−(ei) by w+i and w
−
i , respectively. We will use the notations Γ
+ =
Γ +(w+1 ,w
+
2 ,w
+
3 ,w
+
4 ) and Γ
− = Γ −(w−1 ,w−2 ,w−3 ,w−4 ).
From the definition of the maps w+ and w−, we have the following
Lemma 2.1. Let Γ = (G,w) be a square-type ch-graph. For an edge e of Γ , let w(e),
w+(e) and w−(e) be the weights in Γ , Γ + and Γ −, respectively. Then w(e) is determined
by w+(e) and w−(e) as follows:
(1) If w+(e)= α and w−(e)= α, then w(e)= α.
(2) If w+(e)=∞ and w−(e)= α, then w(e)= α+.
(3) If w+(e)= α and w−(e)=∞, then w(e)= α−.
(4) If w+(e)=∞ and w−(e)=∞, then w(e)=± or 1±.
Let Γ + and Γ − be the weighted graphs (with weights in Z ∪ {∞}) induced from the
square-type ch-graph Γ . We consider the (diagram of) 1-links whose dual graphs are Γ +
and Γ −; we denote them by L(Γ +) and L(Γ −), respectively. More precisely, by shrinking
each edge labeled ∞, by removing each edge labeled 0, and by replacing each edge labeled
α( = 0) by |α| multiple edges signed + when α > 0 or signed − when α < 0, the dual
graphs of L(Γ +) and L(Γ −) are obtained from Γ + and Γ −, respectively (see Fig. 2).
Definition 2.2. A square-type ch-graph Γ is realizable if both L(Γ +) and L(Γ −) are
trivial 1-links in R3.
Example 2.3. Fig. 2(a) is the square-type ch-graph Γ = Γ (−3,3+,1±,3−). The two
weighted graphs obtained from Γ are Γ +(−3,∞,∞,3) and Γ −(−3,3,∞,∞) illustrated
in Figs. 2(b) and 2(e), respectively. Figs. 2(d) and 2(g) are the diagrams of the 1-links
L(Γ +) and L(Γ −), respectively. Refer to [11] for the notion of dual graphs of 1-link
diagrams. Since L(Γ +) andL(Γ −) are trivial 1-links, the square-type ch-graph in Fig. 2(a)
is realizable.
234 M. Soma / Topology and its Applications 121 (2002) 231–246
Fig. 2.
A ch-diagram is a diagram of a 4-valent graph in R3 each of whose vertices is a crossing
point (in the usual sense in knot theory) or a vertex with a slit as in Fig. 3. Let D be a
ch-diagram and v1, . . . , vs the vertices with slits. Let L+ and L− be link diagrams obtained
from D by replacing each vertex vk (k = 1, . . . , s) as in Fig. 3, and let bk (k = 1, . . . , s) be
a band attached to L− as in Fig. 3. Define a properly embedded surface FD in R3[−1,1]
by
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Fig. 3.
(
R
3[t],FD ∩R3[t]
)=


(
R
3,L+
)
, for 0< t  1,(
R
3,L− ∪ {b1, . . . , bs}
)
, for t = 0,(
R
3,L−
)
, for − 1 t < 0,
where R3[t] is the hyperplane of R4 whose fourth coordinate x4 is t , that is, R3[t] =
{(x1, x2, x3, x4) ∈R4: x4 = t}.
If the link diagramsL+ andL− represent trivial 1-links, then we say that D is realizable.
In this case, we can obtain a surface-link FD from FD by adding a set of disks bounded
by L+ in R3[1] and a set of disks bounded by L− in R3[−1]. The equivalence class of FD
does not depend on the disks in R3[1] and R3[−1], cf. [10]. We call this surface-link FD
a surface-link represented by D.
Proposition 2.4 (cf. [17, Proposition 4.2]). A square-type ch-graph represents a surface-
link if and only if the ch-graph is realizable.
We sketch how to get a ch-graph from a ch-diagram (for the details, see [17]). Let D be a
ch-diagram. We color the regions divided by D by two colors black and white like a chess-
board such that adjacent regions are never of the same color (see Fig. 4); we construct a
graph whose vertices correspond to the black regions of D, and whose edges correspond
to the crossing points and vertices with slits of D. We label the edges as shown in Fig. 4.
By the rules as shown in Fig. 5, we replace the multiple edges of the graph with the simple
edge, cf. [17]. In this way, we construct a ch-graph from the graph.
When a ch-graph Γ is given, consider a ch-diagramDΓ yielding Γ . (Such a ch-diagram
is not unique.) If DΓ is realizable, we say that Γ is realizable. This does not depend on a
choice of DΓ , cf. [17]. In this case, we call a surface-link FΓ represented by DΓ a surface-
link represented by the ch-graph Γ . We note that the equivalence class of a surface-link FΓ
is uniquely determined from Γ , cf. [17]. We also note that every surface-link is represented
by a ch-graph, [17].
An orientable surface-knot is said to be trivial if it bounds a handlebody in R4. For
example, a ch-graph representing a trivial torus T1 in R4 is illustrated in Fig. 6(a).
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Fig. 4.
Fig. 5.
Ch-graphs representing projective planes P+ and P− in R4, called standard projective
planes, are illustrated in Fig. 6(b) and (c). If a non-orientable surface-knot is equivalent
to the connected sum of some copies of the standard projective planes P+ and P−, we
say that the non-orientable surface-knot is trivial. For example, a trivial Klein bottle is
one of P+#P+,P+#P− and P−#P−. The Klein bottle P+#P− is represented by a ch-
graph illustrated in Fig. 6(d). If a surface-link F in R4 is completely splittable and each
(connected) component is trivial, then F is called trivial.
Let F be a surface-link in R4. A 3-ball B in R4 is said to span F as a 1-handle if
the intersection B ∩ F is a pair of disjoint 2-balls on ∂B . We say that the surface-link
cl((F ∪ ∂B) − (F ∩ ∂B)) is obtained from F by surgery along the 1-handle B , or by
attaching the 1-handle B (cf. [2,6,7]).
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Fig. 6.
3. Proof of Theorem 1.1
In this section, we prove Theorem 1.1. For this purpose, we use the following well-
known result:
Lemma 3.1 (cf. [9, Theorem 2.1.10]). Let k = C(p1,p2, . . . , pn) be a 2-bridge link in
Conway’s normal form.
(1) If α and β are coprime integers given by
α
β
= p1 +
1
p2 +
1
p3 + . . .+ 1
pn
,
then k is equivalent to S(α,β), where S(α,β) is a 2-bridge link in Shuberts’s normal
form.
(2) If S(α,β) is a trivial knot, then α =±1. If S(α,β) is a trivial link, then α = 0 and
β =±1.
(3) If C(p1) is a trivial knot, then p1 =±1. If C(p1) is a trivial link, then p1 = 0.
We notice that C(∞) is a trivial knot illustrated in Fig. 7(a). Let P(q1, q2, q3, q4)
a pretzel link in R3. In this paper, we consider the case that qi (i = 1,2,3,4) belong
to Z ∪ {∞}. For example, the pretzel links P(3,0,−2,−3) and P(2,−3,∞,−2) are
illustrated in Fig. 7 (b) and (c), respectively. We notice that the pretzel link P(3,0,−2,−3)
is the connected sum of the 2-bridge links C(2), C(3) and C(−3).
Let L(Γ +) and L(Γ −) be the 1-links represented by the weighted graphs Γ + =
Γ +(w+1 ,w
+
2 ,w
+
3 ,w
+
4 ) and Γ
− = Γ −(w−1 ,w−2 ,w−3 ,w−4 ), respectively, where w+i ,w−i ∈
Z ∪ {∞} (i = 1,2,3,4). Then L(Γ +) and L(Γ −) correspond to the pretzel links
P(−w+1 ,−w+2 ,−w+3 ,−w+4 ) and P(−w−1 ,−w−2 ,−w−3 ,−w−4 ), respectively (cf. Fig. 2),
where −∞ and ∞ are the same meaning.
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Fig. 7.
Let (Z∪ {∞})4 be the set of 4-tuples of elements of Z∪ {∞}. We say that two elements
of (Z∪{∞})4 are permutation equivalent if one is obtained from the other by permutation.
We denote by [q1, q2, q3, q4] the permutation equivalence class of (q1, q2, q3, q4). For the
pretzel link P(ε, . . . , ε, q1, q2, . . . , qm), where ε =±1 and 2 |qi|<∞ (i = 1,2, . . . ,m),
if m  3, then the pretzel link is non-trivial ([8] and [9], Theorem 2.3.1). Using this fact
and Lemma 3.1, we have the following lemma (cf. [14]):
Lemma 3.2. A pretzel link P(q1, q2, q3, q4) is trivial if and only if (q1, q2, q3, q4) belongs
to one of the following classes:
[1,−1, n,−n], [1,−1, n,1− n], [1,−1, n,−1− n], [ε1, ε2, ε3,0],
[ε1, ε2,0,0], [ε1,0,0,0], [0,0,0,0], [±1,∓2,∓2,∞],
[±1,∓2,∓3,∞], [1,−1, n,∞], [ε1, ε2,0,∞], [ε1,0,0,∞],
[0,0,0,∞], [n,−n,∞,∞], [n,1− n,∞,∞], [n,−1− n,∞,∞],
[n,∞,∞,∞], [∞,∞,∞,∞],
where n is an integer and |εi | = 1 (i = 1,2,3).
Let (wσ(1),wσ(2),wσ(3),wσ(4)) be a permutation of (w1,w2,w3,w4), where wi ∈
{±,1±, α+, α−, α | α ∈ Z} (i = 1,2,3,4). From the definition of the maps w+ and w−
and Lemmas 2.1 and 3.2, we easily see the following:
Corollary 3.3. If the square-type ch-graph Γ (w1,w2,w3,w4) is realizable, then the
square-type ch-graph Γ (wσ(1),wσ(2),wσ(3),wσ(4)) is also realizable.
If the plane graph of a ch-graph is a tree, then it is called a tree-type ch-graph.
Lemma 3.4 [15, Theorem 1]. If a tree-type ch-graph represents a surface-link, then it is a
trivial surface-link.
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Fig. 8.
By using a mirror image operation of a surface-link, we have
Lemma 3.5. The surface-links An,Bn, . . . ,Hn are equivalent to A−n,B−n, . . . , H−n,
respectively.
Proof of Theorem 1.1. Let Γ be a square-type ch-graph. By using the definition of the
maps w+ and w−, Lemmas 2.1 and 3.2, and Corollary 3.3, we can determine whether Γ
is realizable or not.
Next we decide which realizable square-type ch-graph represents a trivial surface-link.
Case 1: Assume that an edge of the ch-graph has the weight zero. Then it can be
considered as a tree-type ch-graph, which represents a trivial surface-link by Lemma 3.4.
Case 2: Assume that all the edges of the ch-graph has non-zero weight. We reconstruct
the surface-link from the ch-graph one by one, and then examine whether the surface-link
is trivial or not by the motion picture method [10]. Here, we discuss some typical examples
of the reconstructed surface-links. The proof of the other surface-links is similar.
(i) For the ch-graph Γ = Γ (±,3+,±,3−), we prove that the surface-link FΓ is an
unknotted non-orientable surface-knot of genus 6.
Let F ′Γ be the properly embedded surface defining by
(
R
3[t],F ′Γ ∩R3[t]
)=


(
R
3,L+
)
, for 0< t  1,(
R
3,L− ∪ {b1, . . . , b6}
)
, for t = 0,(
R
3,L−
)
, for − 1 t < 0,
where L− is as in Fig. 8(a), and L+ is a trivial 1-knot obtained from L− by surgery along
the bands b1, . . . , b6 (cf. [10]). Then FΓ is obtained from F ′Γ by adding a disk bounded by
L+ in R3[1] and a disk bounded by L− in R3[−1].
By a level-preserving isotopy (cf. [10, Lemma 1.14]), FΓ is isomorphic to the surface-
knot given by Fig. 8(b), which is easily seen to be an unknotted 2-sphere with three 1-
handles; b1 and b2, b3 and b4 give non-orientable 1-handles (cf. [7,16]), and b5 and b6
give an orientable 1-handle (cf. [2,16]). Since any 1-handle on an unknotted 2-sphere is
trivial (cf. [6]), Fig. 8(b) gives an unknotted surface-knot, and thus FΓ is trivial.
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Fig. 9.
(ii) For the ch-graph Γ = Γ (1+,3+,−1+,−3−), we prove that the surface-link FΓ is
an unknotted orientable surface-knot of genus 2. Then FΓ is obtained from the properly
embedded surface F ′Γ defining by
(
R
3[t],F ′Γ ∩R3[t]
)=


(
R
3,L+
)
, for 0< t  1,(
R
3,L− ∪ {b1, . . . , b4}
)
, for t = 0,(
R
3,L−
)
, for − 1 t < 0,
where L− is illustrated in Fig. 9, and L+ is a trivial 1-knot obtained from L− by surgery
along the bands b1, . . . , b4.
By a vertical-line preserving isotopy (cf. [10, Lemma 1.16]), FΓ is isotopic to the
surface-knot F which has the following properties:
(
R
3[t],F ∩R3[t])=


(
R
3,L+
)= (R3,O5), for 0.5< t  1,(
R
3,O4 ∪ b4
)
, for t = 0.5,(
R
3,O4
)
, for 0.25< t < 0.5,(
R
3,O3 ∪ b3
)
, for t = 0.25,(
R
3,O3
)
, for − 0.25< t < 0.25,(
R
3,O2 ∪ b2
)
, for t =−0.25,(
R
3,O2
)
, for − 0.5< t <−0.25,(
R
3,O1 ∪ b1
)
, for t =−0.5,(
R
3,L−
)= (R3,O1), for − 1 t <−0.5,
where Oi (i = 1,3,5) and Oi (i = 2,4) are a trivial 1-knot and a 2-component trivial 1-
link, respectively, and Oi+1 (i = 1, . . . ,4) is obtained from Oi by surgery along the band
bi , which clearly bounds a handlebody of genus 2. Hence FΓ is trivial.
As a result, we obtain the surface-links given in Theorem 1.1 with |n|  2. By
Lemma 3.5, we may assume that n 2. This completes the proof. ✷
4. Proof of Theorem 1.2
Lemma 4.1 [17, Theorem 3.7]. Let F be a non-trivial surface-link which is represented by
a ch-graph with at most three vertices. Then F is equivalent to a surface-link represented
by a ch-graph in Fig. 10, where n 2.
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Fig. 10.
Fig. 11.
We denote the ch-graphs illustrated in Fig. 10 (a) and (b) by Γ (n,±,−n) and
Γ (n,1±,−n), respectively. It is not difficult to see that the surface-link represented by
the ch-graph Γ (2m + 1,±,−(2m + 1)) is the spun 2-knot of (2,2m + 1)-torus knot;
the surface-link represented by the ch-graph Γ (2m,±,−2m) is the spun surface-link of
(2,2m)-torus link.
Lemma 4.2. Operations in Fig. 11 and their mirror image operations do not change the
equivalence class of the surface-link represented by a ch-graph.
Proof. Yoshikawa introduced certain operations on ch-diagrams which do not change
the equivalence class of the surface-link represented by a ch-diagram [17, Definition 2.3
and Propositions 2.5 and 2.6]. Each operation of this lemma is realized by Yoshikawa’s
operations in terms of ch-diagrams as shown in Fig. 12. (We note that the moves (ii) and
(iii) in Fig. 12 are locally the same moves, but the meanings are different globally.) The
proof is completed. ✷
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Table 1
F g(F) π1(R4 − F)
An
n= 2m 1+ 1 〈x, y ; (y−1x)m(yx−1)m〉
n= 2m+ 1 1 〈x1, x2 ; x−11 (x−12 x−11 )mx2(x1x2)m〉
Bn
n= 2m 0+ 2 〈x, y ; (y−1x)m(yx−1)m〉
n= 2m+ 1 1 〈x1, x2 ; x−11 (x−12 x−11 )mx2(x1x2)m〉
Cn
n= 2m −2+ 1 〈x, y ; (y−1x)m(yx−1)m, x2〉
n= 2m+ 1 −2 〈x1, x2 ; x21 = x22 = (x1x2)2m+1〉
Dn
n= 2m −4+ 0 〈x, y ; (y−1x)m(yx−1)m, x2〉
n= 2m+ 1 −2 〈x1, x2 ; x21 = x22 = (x1x2)2m+1〉
En
n= 2m −2+ (−2) 〈x, y ; (y−1x)my(x−1y)m−1x, x2y−2〉
n= 2m+ 1 1 〈x1, x2 ; (x−12 x1)m(x2x−11 )m+1, x21x−22 〉
Fn
n= 2m −4+ 0 〈x, y ; (y−1x)my(x−1y)m−1x〉
n= 2m+ 1 1 〈x1, x2 ; (x−12 x1)m(x2x−11 )m+1〉
Gn
n= 2m −1+ (−1) 〈x, y ; (y−1x)my(x−1y)m−1x, x2y−2〉
n= 2m+ 1 0 〈x1, x2 ; (x−12 x1)m(x2x−11 )m+1, x21x−22 〉
Hn
n= 2m −2+ 0 〈x, y ; (y−1x)my(x−1y)m−1x〉
n= 2m+ 1 0 〈x1, x2 ; (x−12 x1)m(x2x−11 )m+1〉
I 0+ 1 Z⊕Z
Proof of Theorem 1.2. Let F be a surface-link given in Theorem 1.1. In Table 1, we list
the genus of each component of F , g(F ), and the surface-link group π1(R4 − F), where
m is a positive integer. For example, when F is Cn with n= 2m, g(F )=−2+ 1 indicates
consisting of a genus 2 non-orientable surface (Klein bottle) and a genus 1 orientable
surface-knot (torus).
The π -orbifold group of F is the quotient of π1(R4 − F) by the normal closure of
the square of meridian elements of F , cf. [1]. Each π -orbifold group of the surface-links
An,Bn,Cn,Dn,En,Fn,Gn, and Hn is isomorphic to a dihedral group of order 2n; the
π -orbifold group of the surface-link I is isomorphic to a dihedral group of order 4. From
this result, we see that, for distinct positive integers i and j , the surface-links Ai and Aj ,
Bi and Bj , Ci and Cj , Di and Dj , Ei and Ej , Fi and Fj , Gi and Gj , and Hi and Hj are
inequivalent, respectively. Comparing the genera, we see that if there is a duplication in the
table, say F and F ′, then:
(i) F and F ′ are in {A2m+1,B2m+1,E2m+1,F2m+1},
(ii) F and F ′ are in {C2m+1,D2m+1},
(iii) F and F ′ are in {G2m+1,H2m+1},
(iv) F and F ′ are in {D2m,F2m},
for a positive integer m.
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Fig. 12.
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For the (orientable) surface-links A2m+1,B2m+1,E2m+1,F2m+1,G2m+1, and H2m+1,
we calculate the first elementary ideal [4]. The first elementary ideals of A2m+1 and B2m+1
are (
t2m − t2m−1 + · · · + t2 − t + 1),
the first elementary ideals of E2m+1 and G2m+1 are
(t + 1,2m+ 1),
the first elementary ideals of F2m+1 and H2m+1 are
((m+ 1)t −m).
Therefore we can reduce the cases (i) and (iii) into a case
(v) F and F ′ are in {A2m+1,B2m+1}.
We notice that the pairs of the surface-links A2m+1 and B2m+1 has the same genus
and the same surface-link group. We, moreover, notice that A2m+1 is the spun torus of
(2,2m+ 1)-torus knot, and that, by using Lemmas 4.1 and 4.2, B2m+1 is the surface-knot
obtained from the spun 2-knot of (2,2m+ 1)-torus knot by attaching a trivial orientable
1-handle (cf. [2]).
The peripheral subgroups ofA2m+1,B2m+1 are isomorphic toZ⊕Z, andZ, respectively.
From Boyle’s result [2, Theorem 12], we see that A2m+1 and B2m+1 are inequivalent.
For case (iv), we calculate the order of a meridian of the non-orientable surface
component of each surface-link group. For the surface-link group π1(R4 −D2m), we have
x2 = 1. For the surface-link group π1(R4 − F2m), we show that x2 = 1. Let y = xr and
s = xrm. Then the group is〈
r, s; r2m = s2〉.
This group is the free product of R = 〈r; 〉 and S = 〈s; 〉 with the subgroups T generated
by r2m, and U generated by s2 amalgamated under the isomorphism induced by r2m→ s2.
Since every element of π(R4 − F2m) can be written uniquely as the product of an
element of T and coset representatives for R mod T , and S mod U , x2 = sr−msr−m =
r−4msrmsrm = 1. The order of a meridian of the non-orientable surface component of
D2m is 2, but that of a meridian of the non-orientable surface component of F2m is not 2.
Therefore D2m and F2m are inequivalent. The proof is completed. ✷
Remark 4.3. For the non-orientable surface-links C2m+1 and D2m+1, they have the same
genus and the same surface-link group. Moreover the peripheral subgroups of them are
isomorphic to Z2.
We see that C2m+1 is the surface-knot such that the core of the attached non-orientable
1-handle is an embedded arc in an axis of the rotation of the spun 2-knot of the (2,2m+1)-
torus 1-knot, and that, by using Lemmas 4.1 and 4.2, D2m+1 is the surface-knot obtained
from the spun 2-knot of the (2,2m+ 1)-torus 1-knot by attaching a trivial non-orientable
1-handle (cf. [7,16]). Since the orbits (see [2] and [16] for the definition) of the non-
orientable 1-handles are different from each other, the attached non-orientable 1-handles
are inequivalent. However we can not see whether the surface-knots are equivalent or not.
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Besides Theorem 1.2, the following is a summary of information on the surface-links in
Theorem 1.1 which is known to the author.
• A2m is the spun surface-link of (2,2m)-torus link,
• B2m is the surface-link obtained from the spun surface-link of (2,2m)-torus link by
attaching a trivial orientable 1-handle,
• C2m is the surface-link obtained from the spun surface-link of (2,2m)-torus link by
attaching a non-orientable 1-handle, the core of which is an arc in an axis of the
rotation of the spun surface-link,
• D2m is the surface-link obtained from the spun surface-link of (2,2m)-torus link by
attaching a trivial non-orientable 1-handle,
• G2m is the disjoint union of two projective planes,
• E2m is the surface-link of a ribbon type which is the disjoint union of two Klein bottles
associated with G2m,
• G2m+1 is the 2-twist spun 2-knot of C(2, n) (cf. [13]).
• E2m+1 is the ribbon torus associated with G2m+1,
• F2m is the surface-link obtained from the surface-link induced from the ch-graph
Γ (2m,1±,−2m) by attaching a trivial non-orientable 1-handle,
• F2m+1 is the surface-knot obtained from the 2-knot represented by the ch-graph
Γ (2m+ 1,1±,−(2m+ 1)) by attaching a trivial orientable 1-handle,
• H2m is the surface-link represented by the ch-graph Γ (2m,1±,−2m),
• H2m+1 is the 2-knot represented by the ch-graph Γ (2m+ 1,1±,−(2m+ 1)),
• I is the spun surface-link associated with Hopf link.
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